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On 1-Arc-regular Graphs
XINGUI FANG†, JIE WANG AND MING YAO XU
A graph is 1-arc-regular if its full automorphism group acts regularly on the set of its arcs. In this
paper, we investigate 1-arc-regular graphs of prime valency, especially of valency 3. First, we prove
that if G is a soluble group then a (G, 1)-arc-regular graph must be a Cayley graph of a subgroup ofG .
Next we consider trivalent Cayley graphs of a f nite nonabelian simple group and obtain a suff cient
condition under which one can guarantee that Cay(G, S) is 1-arc-regular. Finally, as an application of
the result, we construct two inf nite families of 1-arc-regular trivalent Cayley graphs with insoluble
automorphism groups and, in particular, one of the families is not a Cayley graph.
c© 2002 Elsevier Science Ltd. All rights reserved.
1. INTRODUCTION
For a fi ite, simple and undirected graph , we use V, E and Aut to denote its vertex
set, edge set and full automorphism group, respectively.  is said to be vertex-transitive and
edge-transitive if Aut acts transitively on V and E, respectively.
A sequence (α1, α2, . . . , αs+1) of s + 1 vertices of  is called an s-arc if {αi , αi+1} in E
for 1 ≤ i ≤ s and αi−1 = αi+1 for 2 ≤ i ≤ s. Let G ≤ Aut. The graph  is called
(G, s)-arc-transitive if G acts transitively on V and on the set of s-arcs of ; and  is said
to be s-arc-transitive if it is (Aut, s)-arc-transitive. In particular,  is called arc-transitive if
it is 1-arc-transitive.
A (G, s)-arc-transitive graph  is said to be (G, s)-arc-regular if G acts regularly on the
set of s-arcs of . Similarly, (Aut, s)-arc-regular graphs are called s-arc-regular. Obviously,
s-arc-regular graphs must be connected.
For a group G and a subset S of G satisfying that 1G /∈ S and S−1 = S, the Cayley graph
 = Cay(G, S) of G relative to S is defi ed as the graph with V = G and E consisting
of those unordered pairs {x, y} from G for which yx−1 ∈ S. Let 〈S〉 denote the subgroup of
G generated by S. If  = Cay(G, S) is not connected, then  is a disjoint union of |G : 〈S〉|
copies of the Cayley graph Cay(〈S〉, S). Therefore we focus on connected Cayley graphs
Cay(G, S), that is those graphs for which G = 〈S〉. Each Cayley graph  = Cay(G, S)
admits the group GR ·Aut(G, S) as a subgroup of Aut, where GR is the right multiplication
representation of G, and Aut(G, S) = {α ∈ Aut(G) | Sα = S} acts naturally, and we have
(see [10]),
NAut(GR) = GR ·Aut(G, S).
In this paper we are concerned with 1-arc-regular graphs of prime valencies. The 1-arc-
regular graphs of valency 2 are just cycles. So, the f rst interesting case is valency 3. In the
literature, the fir t example of 1-arc-regular trivalent graphs was given by Frucht [4] in 1952.
Much later, some other examples were given in [3, 13], and very recently more examples were
obtained in [7–9]. However, all known examples of 1-arc-regular trivalent graphs are Cayley
graphs and have soluble automorphism groups. Moreover it was shown in [7] that if  is a
(G, 1)-arc-regular trivalent graph with G soluble then there is a subgroup H of G such that 
is a Cayley graph of H . It is natural to ask the questions:
(a) For a soluble group G and a (G, 1)-arc-regular graph  of valency p with p a prime,
is  a Cayley graph of some subgroup of G?
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(b) Does there exist some example of a 1-arc-regular trivalent graph which is not a Cayley
graph?
(c) Does there exist some 1-arc-regular trivalent graph having an insoluble automorphism
group?
In this paper, we f rst discuss question (a) and prove that if G is soluble then  must be
a Cayley graph of a subgroup of G. Then we turn to questions (b) and (c) by considering
1-arc-regular trivalent Cayley graphs of a f nite nonabelian simple group. We give a suff cient
condition under which one can guarantee that Cay(G, S) is 1-arc-regular. As an application of
this result, we construct an inf nite family of 1-arc-regular trivalent Cayley graphs Cay(G, S)
by using G = Ree(q). Next, we investigate the quotient graphs of these graphs and obtain
another family of 1-arc-regular graphs of valency 3, which are not Cayley graphs. To our
knowledge, the two inf nite families of 1-arc-regular graphs (constructed in Theorems 1.3
and 1.4) are the f rst two examples of 1-arc-regular graphs of valency 3 having insoluble
automorphism groups and, in particular, the graphs belonging to the second family are the
fir t examples which are not Cayley graphs.
For giving our main results we need the concept of Sabidussi coset graphs (see [18]). Let
G be a f nite group and H a subgroup of G. Let D be a union of several double cosets of
the form HgH with g /∈ H . We def ne the Sabidussi coset digraph  = Sab(G, H, D) of G
relative to H and D by
V () = [G : H ], the set of right cosets of H in G,
E() = {(Hx, Hy) | xy−1 ∈ D}.
Then  is a well-defi ed digraph with in-degree and out-degree |D : H |. In particular, if
each of the elements g has order 2 then D = D−1 and hence  is undirected having valency
|D : H |.
Now we may state our main results. The f rst theorem is about 1-arc-regular graphs having
soluble automorphism groups.
THEOREM 1.1. Let G be a fin te soluble group and  be a (G, 1)-arc-regular graph of
valency p, for p an odd prime. Then G has a normal subgroup M of index p such that  is a
Cayley graph of M.
The next theorem gives a suff cient condition under which one can guarantee that a con-
nected trivalent Cayley graph  = Cay(G, S) of a f nite simple group is 1-arc-regular.
THEOREM 1.2. Let G be a fin te nonabelian simple group and let b be an element of G
with order 3 satisfying that b and b−1 are not conjugate in Aut(G). Suppose that there exists
an involution a ∈ G such that 〈a, b〉 = G. Set S = {a, ab, ab2} and  = Cay(G, S). Then 
is a connected, 1-arc-regular graph.
As an application of Theorem 1.2 we consider the Ree simple groups Ree(q) and obtain
an inf nite family of 1-arc-regular graphs of valency 3 such that the graphs have insoluble
automorphism groups.
THEOREM 1.3. Let G = Ree(q), where q = 3 f with f ≥ 3 an odd integer. Assume that
b ∈ G is an element of order 3 satisfying that b is not conjugate to its inverse in Aut(G).
Then there exists an involution a of G such that  = Cay(G, S), where S = {a, ab, ab2}, is a
connected 1-arc-regular graph andAut = G ·Aut(G, S) = GR×〈bL〉, where bL : g → bg,
for any g ∈ V = G. Moreover, for any two such graphs i = Cay(G, Si ) for i = 1, 2,
1 ∼= 2 if and only if there exists some σ ∈ Aut(G) such that Sσ1 = S2.
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REMARK ON THEOREM 1.3. A Cayley graph  = Cay(G, S) is called a C I -graph if
whenever Cay(G, S) ∼= Cay(G, T ), another Cayley graph, there is an α ∈ AutG such that
Sα = T . From Theorem 1.3 we conclude that the graphs constructed in the above are C I -
graphs. Moreover, according to [11] we know that, for G = Ree(q), the group G is a Hurwitz
group and contains at least m · |G| distinct pairs of {a, b} satisfying the conditions given in
Theorem 1.3, wherem = 2·3(1/2( f+1))− f ·31/3. Since |Aut(G)| = f ·|G|, from Theorem 1.3
it follows that, for each odd f ≥ 3, there are at least m/(2 f ) trivalent 1-arc-regular graphs
 = Cay(G, S) which are pairwise nonisomorphic.
The next theorem deals with the quotient graph of a graph constructed in Theorem 1.3 and
gives another family of 1-arc-regular graphs.
THEOREM 1.4. Let  = Cay(G, S) be given in Theorem 1.3. Write H = 〈b〉 and D =
HaH. Let  = Sab(G, H, D), the Sabidussi coset graph of G relative to H and D. Then
 is 1-arc-regular having Aut = GR and  is not a Cayley graph. Moreover, let i =
Cay(G, Si ) for i = 1, 2 be tow graphs obtained from Theorem 1.3, where Si =
{
ai , a
bi
i , a
b2i
i
}
.
Set Hi = 〈bi 〉 and Di = Hiai Hi and let i = Sab(G, Hi , Di ). Then 1 ∼= 2 if and only if
1 ∼= 2.
Theorem 1.1 will be proved in Section 2, and Theorems 1.2 and 1.3 will be proved in
Sections 3. In the f nal section we shall prove Theorem 1.4.
2. PROOF OF THEOREM 1.1
A transitive permutation group G on a set  is called quasiprimitive if each of its nontrivial
normal subgroups acts transitively on. The structure theorem of the socle of a quasiprimitive
group was given by Praeger in [15, 16].
Let  = Cay(G, S) be a counterexample with minimal order. If G acts quasiprimitively on
V, since G is soluble G is of affi e type, that is, soc(G) = Zmq for q a prime and soc(G)
is regular on V (see, for example, [16]). This implies that  is a Cayley graph of soc(G)
by [1], which is a contradiction. So G is not quasiprimitive on V.
Let N be a minimal intransitive normal subgroup of G. Then N = Zmq , for some prime q
and integerm ≥ 1. Suppose f rst that N acts semiregularly on V and let l denote the number
of N-orbits on V. If l ≥ 3, then it is trivial to know that N would be a (G/N, 1)-arc-regular
graph of valency p (see, for example, [14]) and hence N would be a Cayley graph of some
subgroup K/N of G/N by our assumption on the order of V. Now VN = [K : N] and
suppose that
[K : N] = {Nxi | xi ∈ G, i = 1, . . . , s}.
It follows that K = 〈N, x1, . . . , xs〉 would act regularly on V′ and hence  = Cay(K , S),
for some Cayley subset S of K , which contradicts our assumption. So l = 2 and let 1 and
2 be two N-orbits on V. Since G acts transitively on V, there is an element Nx of order
2 in G/N such that Nx exchanges1 and 2. Set M = 〈N, x〉. It is trivial to see that M acts
regularly on V. From this it follows that  is a Cayley graph of the subgroup M of G. Next
we consider that N is not semiregular on V. Now Nα is a nontrivial normal subgroup of Gα
for any α ∈ V. Since the valency of  is the prime p, Gα is primitive on (α) and Nα is
transitive on (α). This implies that  is bipartite and so |V| = 2|αN |. Moreover, since G
is regular on the arcs of , Gα ∼= Z p and hence Nα = Gα . So N = Zmp and |αN | = pm−1.
Now |G| = p|V| = 2pm and hence G = N · Z2. Let
N = 〈x1〉 × · · · × 〈xm〉
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and let 〈y〉 be a Sylow 2-subgroup of G. Set N1 = 〈x1, x y1 〉. Clearly, N1 ≤ N and N1  G.
Note that N is a minimal normal subgroup of G. Thus N1 = N , which means that m = 2.
Write x = x1x y1 and set N2 = 〈x〉. Since y exchanges x1 and x y1 , N2 is normal subgroup of G
contained properly in N , which contradicts that N is a minimal normal subgroup of G. 
3. PROOF OF THEOREMS 1.2 AND 1.3
For proving Theorem 1.2 we need the following lemma.
LEMMA 3.1 ([6, LEMMA 3.1]). Let G be a fin te nonabelian simple group. Assume that 
is a connected arc-transitive cubic Cayley graph of G. Then either G is normal in Aut or G
is isomorphic to one of the groups: A5, PSL2(11), M11, A11, M23, A23 or A47.
Proof of Theorem 1.2. Now G is a f nite nonabelian simple group and  = Cay(G, S), where
S = {a, ab, ab2} with a2 = b3 = 1, 〈a, b〉 = G and the both of b and b−1 belonging to two
different conjugacy classes in Aut(G). Since 〈S〉 is normalized by 〈a, b〉 and G is simple we
have 〈S〉 = G, and hence  is connected. Clearly, 〈b〉 acts (by conjugation) transitively on
S and hence  is arc-transitive. Since  has exact 3|G| arcs it remains only to show that
|Aut| = 3|G|. If G is isomorphic to one of the groups: An , for n = 5, 11, 23, 47, PSL2(11),
M11 and M23, it is easy to check that b is conjugate to b−1 which is not the case. So GAut
by Lemma 3.1 and hence Aut = G ·Aut(G, S). Note that Aut(G, S) is faithful on (α), for
α = 1 where 1 denotes the identity element of G, and that b acts (by conjugation) transitively
on S. Thus Z3 ≤ Aut(G, S) ≤ S3. If Aut(G, S) ∼= S3, then Aut(G) contains an involution, σ
say, such that Aut(G, S) = 〈τb, σ 〉, where τb denotes the inner automorphism of G induced
by b. Then it is trivial to see that τσb = τbσ = τb−1 . From this it follows that bσ = b−1, which
is a contradiction. Thus Aut(G, S) ∼= Z3 and hence Aut = G ·Aut(G, S) ∼= G · Z3. So  is
a 1-arc-regular graph. 
One criterion for CI-graphs due to Babai [2] plays a very important role for proving the
graphs constructed in Theorem 1.3 are CI-graphs and we state it as the following lemma.
LEMMA 3.2. Let G be a f nite group and S a subset of G not containing the identity ele-
ment 1. Let  = Cay(G, S) and let A = Aut. Then  is a CI-graph if and only if for any
σ ∈ Sym(G) with σGRσ−1 ≤ A, there exists an a ∈ A such that aGRa−1 = σGRσ−1.
Proof of Theorem 1.3. Now G = Ree(q) with q = 3 f and f ≥ 3 odd. By [12, 17], there are
three conjugacy classes of order 3, namely bG0 , b
G and (b−1)G , where b0 and b have order 3
and b0 ∈ Z(Q) and b /∈ Z(Q), for Q a Sylow 3-subgroup of G. Moreover, by [11, Theorem
4.6], we know that there is some involution a of G such that 〈a, b〉 = G. Set S = {a, ab, ab2}
and  = Cay(G, S). By Theorem 1.2 we conclude that  is 1-arc-regular.
Next we prove that Aut ∼= GR × Z3. First, we have GR ≤ Aut and bL ∈ Aut. Since
bL centralizes GR , we have Aut ≥ GR × 〈bL〉 ∼= GR × Z3. Since  is 1-arc-regular,
Aut = GR × 〈bL〉.
Finally, we show that the graphs are C I -graphs. Let A = Aut and σ ∈ Sym(G) with
σGRσ−1 ≤ A. Thenwe claim that σGRσ−1 = GR . If this is not the case, since |A : GR| = 3,
σGRσ−1 ∩ GR is a subgroup of GR of index 3, contradicting the simplicity of G. Now by
Lemma 3.2, we get the desired result. 
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4. PROOF OF THEOREM 1.4
For proving Theorem1.4 we give the following information about the Sabidussi coset graph.
LEMMA 4.1. Let  = Sab(G, H, D) be the Sabidussi coset digraph of G relative to H
and D. Then
(1) Aut contains GR, the right multiplication representation of G, so  is vertex-transitive.
For a vertex Hg, the stabilizer in G is g−1Hg.
(2)  is connected if and only if G = 〈D〉.
(3)  is undirected if and only if D−1 = D.
(4)  is G-arc-transitive if and only if D = HgH is a single double coset.
The next rather straightforward lemma is useful for studying the automorphism group of a
Sabidussi coset graph.
LEMMA 4.2. Let G be a fin te group and H a subgroup of G with 1 = CoreG(H ) :=⋂
x∈G H x. Let  = [G : H ], the set of right cosets of H in G. Let GR be the right multi-
plication representation acting on  naturally. Then NSym()(GR) = GRAut(G, H ), where
Aut(G, H ) = {α ∈ Aut(G) | H α = H } and the action of α ∈ Aut(G, H ) on  is define by
(Hx)α = Hxα.
PROOF OF LEMMA 4.2. Let N = NSym()(GR). Obviously, GR ≤ N . Assume α ∈
Aut(G, H ) and gR ∈ GR where gR is defi ed by xgR = xg, ∀x ∈ G and acts on  by
right multiplication. Then for any x ∈ G,
(Hxα)α
−1gRα = (Hxg)α = Hxαgα = (Hxα)(gα)R .
Thus α normalizes GR , and hence NSym()(GR) ≥ GRAut(G, H ).
Conversely, assume that α ∈ N and α fixe H . We aim to prove α ∈ Aut(G, H ). For any
gR ∈ GR , since α normalizes GR , α−1gRα ∈ GR . Note that CoreG(H ) = 1. So the action of
GR on  is faithful, and hence there is a unique element gτ ∈ G such that α−1gRα = (gτ )R .
In this way we get a permutation τ of G. Since
((gh)τ )R = α−1(gh)Rα = α−1gRα · α−1hRα = (gτ )R(hτ )R,
and since GR acts on faithfully, we have that τ ∈ Aut(G). If g ∈ H , since H = H α−1gRα =
H (g
τ)R = Hgτ , we have τ ∈ Aut(G, H ). Finally, since
(Hg)α = HgRα = H α(gτ )R = H τ gτ = Hgτ ,
the action of α and of τ on  are the same and so α = τ ∈ N . 
Proof of Theorem 1.4. By Lemma 4.1,  is a connected arc-transitive graph of valency 3.
Write A := Aut. Then A ≥ GR . By [19], the order of the vertex stabilizer AH divides 48
and hence |A : GR | divides 16. Now we claim that GR  A. If not, then A would have a
faithful permutation representation of degree dividing 16, acting on the cosets of GR . Thus
the order of a Sylow 3-subgroup of A is at most 36. However, the order of a Sylow 3-subgroup
of G is 33 f with f ≥ 3, a contradiction.
Now by [10] we have A = GRAut(G, H, HaH ),where Aut(G, H, HaH ) = {α ∈ Aut(G)|
H α = H, (HaH )α = HaH }. It is easy to see that Aut(G, H, HaH ) = H (by conjugation).
Thus A = GRAut(G, H, HaH ) = GR × 〈bL〉. However, bL fi es every vertex of , so the
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permutation groups induced by A and GR on V are the same, and hence A acts on  1-arc-
regularly. Since GR is a simple group, it does not have a subgroup of index 3, so  is not a
Cayley graph.
Finally, we treat the isomorphism problem for the graphs constructed in the theorem. Since
〈b1〉 and 〈b2〉 are conjugate in Aut(G) and since Si = a〈bi 〉i for i = 1, 2, up to conjugacy, we
may assume that b1 = b2 = b, and hence Hi = H = 〈b〉 and Si = {ai , abi , ab
2
i }. Assume that
1 ∼= 2. Then by Theorem 1.3 there is an automorphism φ ∈ Aut(G) such that Sφ1 = S2. It
induces an isomorphism from 1 to 2.
Conversely, we assume that φ is an isomorphism from 1 to 2. By Theorem 1.4 Auti =
GR . Since V1 = V2 = [G : H ] := , we conclude that φ ∈ NSym()(GR) (see,
for example, [5, Fact 2.3]. By Lemma 4.2, φ ∈ Aut(G, H ). Note that Dφ1 = D2, that is
(Ha1H )φ = Ha2H . Now we claim that HaiH contains exactly three involutions, that is
ai , abi and a
b2
i . To show this, it suff ces to prove that for any involution x ∈ G, bx is not an
involution. If (bx)2 = 1, then b2 = x(b−1xb). Consider the subgroup K generated by x and
b−1xb which is dihedral and contains b2. Thus b and b2 are conjugate in K , a contradiction.
Now, since φ is an automorphism of G, φ maps involutions to involutions. It follows that
Sφ1 = S2, and hence 1 ∼= 2. 
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